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On invariant Einstein metrics on Kahler homogeneous spaces 

SUi/T\ G2/r2, ^6/T2 • (^2)^ Ej/T^ ■ ^5, Es/T^ ■ Ee, F^/T^ ■ A2 

Michail M. Graev 

Abstract. We study invariant Einstein metrics on the indicated homogeneous manifolds M, the 
corresponding algebraic Einstein equations E, the associated with M and E Newton polytopes P{M), 
and the integer volumes u = u[P[M)) of it (the Newton numbers). We show that = 80, 152, . . . , 152 
respectively. It is claimed that the numbers e = e{M) of complex solutions of E equals v~19,, i^ — 18, i', . . . ,v. 
The results are consistent with classification of non Kahler invariant Einstein metrics on GijT''' obtained 
recently by Y.Sakane, A. Arvanitoyeorgos, and I. Chrysikos. We present also a short description of all 
invariant complex Einstein metrics on SUa/T'^ . We prove existence of Riemannian non Kahler invariant 
Einstein metrics on G2 /T^-Uke Kahler homogeneous spaces Be/T^ ■ (^2 ) ^ £7/2"^ • A5 , Es /T^ ■ -Be , F4 /T^ • A2 , 
where T'^ ■ A5 C A2 ■ C E7 and some other results. 

06 HHBapHaHTHMX aHHmTeilHOBblX MCTpHKaX Ha K3JiepOBBIX OflHOpOflHfalX 

npocTpancTBax SU^/T^, Gz/T^, Eg/T\A2)\ Ej/T^A^, Es/T^Eq, Fi/T^A2 
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3.6. HepaBeucTBO fljia £(G2/T^) IS 
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^onojmeHHe 2. BBmucjieHne KOMnjieKCHBix mbtphk BitHmTeuHa b M/a IJ 
^onojmeHHe 3. IIojiojKHTejiBHO onpeflejieuHBie siiHmTeiiHOBBi mbtphkh na M/a 17 
CnncoK jiHTepaTypBi \li 

§ 1. BBEflEHHE 

HnsapHaHTHbie nojioJKHTejitHO onpeflejiennbie mbtphkh 3HHmTeHHa na 12-MepHOM oj^- 
HopoflHOM npocTpancTBe SU^/T^ cJ^aKTHnecKH 6biJiH KjiaccH4)Hii,HpoBaHbi b CTaxbe 
lO.CaKaHe 

TeopeMa 1.1 ([10|). Ha 12-MepHOM KSAepoeoM odHopodnoM npocmpaHcmee SU^/T^ c mo- 
HHOcmbH) do usoMempuu u yMHOMcenuM na CKUASip cymecmeytom mpu u moAbKO mpu unea- 
puanmHue Mempunu duHiumeuHa g, ue donycKamu^ue HUKaKou UHeapuanmHou KSAepoeou 
cmpynmypu. Kaofcdan us hux UMeem e zpynne Bcuah, m.e. cuMMempuuecKou zpynne S4, 
HempueuaAbHuu cma6uAU3amop, codepMcaw,uu uh60AK)V,uh) a ii^UKAeHHOZO muna (12). Bee 
MempuKU g SHaKoonpedeACHU. 



KAWHeeue cjioea u ippaau. OflnopoflHaa MeipHKa BuHmTeiiHa, Homogeneous Einstein metric. 
IToAnepacaHO POOH, rpauT 10-01-00041a. 

^) Bxa pa6oTa KD.CaKane noHTH ne coflepjKHT BBmejieuHbrx (JjopMyjinpoBOK, h b neii Muoroe flaexca pac- 
nojioaceHHCM MaTcpuajia. rH66oHC, Jly h Hoyn ocnapnBaiOT nojinoTy ee HSjioacenHa b cxoahom Bonpoce 
o KjiaccH4)HKau,HH fljia Sp(2) /T . 
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BMecTe c MeTpHKoii K3jiepa-3HHmTeHHa nojiynaroTCH neTbipe nonapno HesKBHBajieHT- 
Hbie HHBapHaHTHbie SHHrnTeiiHOBbi mctphkh na SU^/T^ , a BOBce ne Tpn, KaK yTBepjKflaeTCH 
B [U Ta6jiHLi,a 1] CO ccbijikoh na |10) . SaMeTHM, hto CTa6HjiH3aTop HHBapHaHTHOii KSjiepoBoii 
MeTpHKH Ha SUi/T^ B rpynne 5*4 MenaeT MecTaMH /xse npoTHBonojiojKHbie KaMepbi BelijiH 
(t.b. nopojK/ieH HHBOJiioii;HeH THna (14) (23)) h totj^sl He co/iepjKHT OTpajKeHHH a. 

TeopeMa 11.11 no^CKasajia aBTopy cjieflyion;HH pesyjibTaT, aHOHCHpoBaHHbiii b [71 npHMe- 
HaHHe HpH KoppeKType] h paccMOTpeHHbili b §8 flHccepTau;HH [8]. 

TeopeMa 1.2. Ha G2 /T"^ -nodo6Hux KSAepoeux odHopodnux npocmpaHcmeax 

G2/T\ EQ/T^-{A2f, Ej/T^-A^, Es/T^ ■ Ee, F^/T^ ■ A2 (1.1) 

( zde T"^ ■ A^ <Z A2- A^ C -By j cym,ecmeywm UHeapuanmHue noAODKumcAbHO onpedeAeuHue 
MempuKU dumumeuHa g, donycKatoiu^ue usoMempuw, coomeemcmeymmyw ompacHceHum e 
zpynne BeuAH cucmeMU Kopneu muna G2 (m.e zpynne dusdpa nopsidKa 12) u ecnedcmeue 
smozo He donycKammue HunaKou UHeapuanmHou Ksnepoeou cmpyKmypu. 

A.ApBaHHTofteoproc, H.XpncHKOc h lO.CaKaHe [3] flOKasajiH 3Ty Teopeiviy nesaBHCHMO 
cjiynaa 12-MepHoro npocTpancTBa G2/T'^- Ohh TaKJKe sbho namjiH HHBapHaHTHbie 
MeTpHKH 3HHmTeHHa. Hs Hx 4)opMyji cjie^yeT: 

TeopeMa 1.3 ([3]). Ha 12-MepHOM KSAepoeoM odnopodHOM npocmpancmee G2/T^ c mouHO- 
cmbK) do usoMempuu u yMHocHcenuH na cKaAnp cyinecmeyem 8 u moJibKO 8 uHeapuanmHux 
McmpuK duHiumeuHa, a umchho: 

— dee noAOMCumeAbHO onpedeAeuHue MempuKU, ne donycKammue HUKaKou uneapu- 
aHTUHOu KSAepoeou cmpyKmypu; naMcdan U3 hux AeoKum na 'i-SAeMenmHou op6ume 
zpynnu Bcuah u ydoeAemeopnem meopcMe 

— nnmb nonapno neusoMempuHHUx undec^uHumHux jviempuK; KaMcdasi us hux ACMCum 
na 6-9AeMeHmHou op6ume zpynnu BeuAsi; 

— xopouio uaeecmnan UHeapuaHmnaH MempuKa KsAepa-duHmmeuHa (eduHcmeeHHaa, 
c moHHOcm-bK) do usoMempuu). 

C moHHOcmwo do yMHOCHcenuH na cnaAHp na G2/T'^ cyuj^ecmeyem 12 SHaKoonpedeACHHUx 
u 30 undecfiuHumHux UHeapuanmnux jviempuK duHuimeuna. 

npH6jiHJKeHHbie SHaneHHH fljia HOJioJKHTejibHO onpeflejienHbix mbtphk nepBoro BH^a, 

HaftfleHHbie B [3] COBHaflaiOT C BblHHCJieHHblMH B [8]. 

B [3j Ha c. 18 BbiHHcaHbi npH6jiH>KeHHbie snaHeHna TOJibKo fljia 14 HHflecJ^HHHTHbix pe- 
HieHHH, rfle 9, 10, 11, 12 h 13-e npHHaflJieJKaT hsth pasjiHHHbiM op6HTaM rpynnbi Beftjia 
(saMeTHM, HTO H;eHTp 3TOH 12-HjieHHOH rpynnbi coctoht h3 flByx 3jieMeHTOB, coxpanaio- 
mnx KajKflyio HHBapHanTHyio MeTpHKy). 3to j^aeT 30 = 5 • 6 HH/];e4)HHHTHbix MeipHK c 
TOHHOCTbK) flfl yMHOJKeHHH Ha CKajiHp. ^pypHX Beiii,ecTBeHHbix pemenHH, HopoJK;i;aioii];HX 
6-3JieMeHTHbie op6HTbi, ne cymecTByeT, h6o (KaK HOKasbiBaeT npocToe paccyjK/ieHHe) npn- 
Beflennoe b [3] na Tpex CTpaHHH;ax ajireGpannecKoe ypaBHenne 84-h CTenenn j^jisi opfioA 
HepeMeHHoii nMeeT 30 BemecTBennbix Kopnen. 

nepeH;i,eM k KOMnjieKCHbiM pemennHM ypaBHeHHH 3HHmTeHna fljia HHBapnaHTHbix mct- 
pHK, paccMaTpHBaeMbix c TonnocTbio flo yMHOJKennH na KOMHjieKcnoe hhcjio. 

Ho 45opMyjie (8.4) ns ^ na G2/T'^ /i,oji>Kno 6biTb 152 — 18 KOMHjieKcnbix penienHH c 
yneTOM ajireGpaHHecKHx KpaTHocTeit. 3a BbineTOM 6 pemennn K3jiepa-3HHmTeHHa n eme 
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44, /i,onycKaiomHX OTpaJKenne hs rpynnbi BeftjiH, ocTaeTCH 



84 = 152 - 18 - 50 



KOMnjieKCHbix pemeHHH. SnaHeHHe 84 6bijio nojiyneHO c noMombio TexHHKH MHororpaHHHKa 
HbRDTOHa. 6e3 BbiHHCjieHHa Bcex peineHHit. Tenepb, hto oco6eHHO npHHTHO, oho noflTBep- 
jKfleHo Henocpe/i,cTBeHHo . Bflo6aBOK nporpaMMa MAPLE coo6ii],aeT, hto flHCKpHMHHaHT 
TpexcTpaHHHHoro ypaBHeHHH 84-h CTeneHH h3 [3] OTjinnen ot 0. 3to noflTBepjK^aeT rnno- 
Tesy |i8j o6 o/iHOKpaTHocTH Bcex KOMnjieKCHbix pemeHiiii. 

MnTaTejib mojkct o6paTHTbca k [6l [7] sa onpe^ejieHHaMH MHororpaHHHKa HbioTona 
Nw{G/H) H H,ejioro nncjia HbioTona ^{G/H), conocTaBjiaeMbix CBHSHOMy pHManoBy oflHO- 

pO/lHOMy HpOCTpaHCTBy G/H C KOMnaKTHOH rpyHHOH HSOTpOHHH H C HpOCTbIM CHeKTpOM 

Hpe/icTaBjieHHa hsotpohhh. KaK TaM, nepea £{G/H) oGosHanaeTca hhcjio HsojinpoBannbix 
KOMnjieKCHMX pemeHHH ajireGpannecKoro ypaBHeHHH 3HHHiTeHHa fljia HHBapnaHTHbix 
MeTpHK Ha G/H (paccMaTpHBaeivibix c TOHHOCTbio j^o KOMHjieKCHoro MHOJKHTejia) c yne- 
TOM ajire6paHHecKHX KpaTHOCTeit 3thx pemeHHH. /l^ecJaeKTOM nasbiBaeTCH pasHOCTb 



Hncjia 5{G/H) h v{G/H) mojkho naxo^HTb h 6e3 HBHoro OTbicKaHHH pemeHHH. A HMenno, v 
HBjiaeTca HpHBe^eHHbiM oGi-eMOM MHororpaHHHKa HbroTona, a 5 HHor^a y^aeTCH HOjiynaTb, 
Hccjie/iya acHMHTOTHHecKHe pemenna, cooTBeTCTByromne rpaHHM 3Toro MHororpaHHHKa. 
HpH > acHMTOTHHecKHe pemeHHH OTcyTCTByroT ecjiH h tojibko ecjiH J = 0; ecjiH ohh 
OTcyTCTByroT hjih tojibko HsojinpoBanbi, to Bce HacTOHm,He pemeHHH HsojinpoBanbi. 

HanpHMep, /^jisi SU^/T^ h G2/T^ mojkho hbho naiiTH Bce acHMHTOTHHecKHe pemeHHH h 

y6eflHTbCH, HTO OHH HSOJIHpOBaHbl (cp. [318]). HcCJieflOBaHHeM KpaTHOCTeii TOJIBKO aCHMH- 

TOTHHecKHX pemeHHH MHOK) flOKasano, hto b 9thx cjiynaax (5 = 18. 

KaK ppKaswo b |7i §7], /],jih o;],Hopo/;Horo npocTpancTBa M = SU^/T^ BbiHOJinaeTCH 



HpH 3TOM Ha M cyn^ecTByeT oflHO neTbipexKpaTHoe pemenne (sto CTaH/],apTHaH MeTpHKa 
BaHa-Ll,Hjijiepa) h hhcjio Honapno pasjiHHHbix KOMHjieKCHbix pemeHHH {s/iidCb h p^&jiee c 
TOHHOCTbK) flfl yMHOJKeHHH Ha CKajIHp) paBHo £ — 3 = 80 — 18 — 3 = 59. 

CorjiacHO [H §8], ^jih hhth G2/r'^-HO/];o6Hbix o^nopo^Hbix HpocTpancTB M BH^a (II. ip 

BblHOJIHHeTCa 



Bo Bceli HHTH cjiynaax hhcjio HHBapnaHTHbix MeTpHK K3jiepa-3HHmTeHHa paBHO HOJioBHHe 
OT HHCjia KaMep BeiijiH CHCxeMbi G2, T.e. 6, a hhcjio KOMHjieKCHbix pemeHHit, /];oHycKaK)m,HX 
xoTH 6bi oflHO OTpaJKeHHe H3 rpyHHbi Belijia, paBHO 44 (csepx xoro, Bce pemenna Hsojinpo- 
BaHbi). B cjiynae M = G2/T^ HOflcneT, ocHOBaHHbili na npeflHOJiOJKeHHH 06 o;i;HOKpaTHOCTH 
ocTajibHbix KOMHjieKCHbix pemeHHH, H HeKOTopbie 9jieMeHTapHbie apryMenxbi, flaiox k = 14 
mecxHSjieMenxHbix op6HT rpynnbi BeiijiH: 



6{G/H) := iy{G/H) - e{G/H); 



5{G/H) ^ 0. 



V = 80, 



5= 18. 



V = 152 





A; = -(1/ - 50 - (5) = -(152 - 50 - 18) = 14 
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TeopeMa 1.4. Uycmb G — KOMnaKmimn npocman zpynna JIu pama n ^ 2, — ee 
MaKcuMaAbHuu mop, M = G/T"". Tosda uau v{M) ^ t{M), uau M = SUa/T^. 

^OKasaTejibCTBO Teopeivibi, flannoe b Tpe6yeT OTflejibHoro paccMOTpeHHH cjiynaeB 
SUi/T^, Sp2/T^ {[7, §7]) H Gs/T^ (cm. [H §8] hjih Hirace, §3). HepaBencTBo (^(Ga/T^) > 
MOJKHo flOKasaTb oHeHt, npocTo, He BbiHHCjiaH HBHo v{G2/T'^) II e{G2/T'^), a tgm 6ojiee, ne 
pemaa ypaBHeHHH BftHniTeiiHa. 

CoflepjKaHHe 3toh CTaTbH cjie/iyiomee. B §2 npHBOfliiTCH Kjiaccii4)iiKaii,HH KOMnjieKCHbix 
pemeHHH ypaBHeHHH 3HHmTeHHa fljia HHBapHaHTHbix mbtphk na SU^/T^, BKjiK>Haioiu,aa 
KjiaccHcJ^HKai^Hio CaKane BemecTBeHHbix mbtphk 3HHmTeHHa. B §3 nepenenaTan pas^eji h3 
flHccepTaii,HH [8j , KacaiomHitcH hhth o/iHopoflHbix npocTpancTB M BH/],a (ll.ip h cJjaKTopnpo- 
CTpaHCTB M/a, r^e cr cooTBeTCTByeT OTpaJKeHHio h3 rpynnbi BeiijiH W{G2)- Bnanajie npn- 
BOflHTCH cjjopMyjiHpoBKH. B §§3.1-3.3 /],oKa3aHo, HTo 5{M/a) = 0, L'{M/a) = 16. ^jih cpaB- 
HBHHH anajiHSHpyioTCH 4)aKTop SUi/T^ no hhbojiioli;hh h /];pyrHe o/i,HopoflHbie npocTpancT- 
Ba c oGmHM MHororpaHHHKOM HbK)TOHa Pi2 (TpexMepnaH npHSMa). ^jih hhx 6 = 0, u = 12. 
B §3.4 pioKasaw, hto z/(M) = 152, a b §3.6 - hto 5{G2/T'^) > 0. B ^oGaBjieHHHx k §3 cTpo- 
iiTCH 16 (KOMnjieKCHbix) snnniTeitnoBbix mctphk na KaJK^OM hhth npocTpancTB M/a, cpep^ 
KOTopbix ecTb BemecTBeHHbie nojioJKHTejibHO onpeflejieHHbie; b cjiynae M = Ga/T^ nojiy- 
naioTCH nojiojKHTCjibHO onpe;i,ejieHHbie mctphkii CaKaHe-ApBaHiiTOHeoproca-XpncnKoca. 

§ 2. KjTACCHOiHKAL^HH HHBAPHAHTHblX BHHIUTEHHOBblX METPHK HA SUi/T^ 

^ajiee nop, roMOTeTHefi noHHMaeTca yMHOxceHne mctphkh na CKajiap. HcnojibsyioTCH 
o6o3HaHeHHH fljiH MeTpHK H3 [6ll7j. KacaTCjibHoe paccjiocHiie k SU^/T^ pacmenjiHCTCH na 
6 HenpHBOflHMbix HHBapHaHTHbix noflpaccjiocHiifi. Oxciofla KajK^aa HHBapnaHTHaa MCTpHKa 
Ha SU^/T^ sa^aeTCH ecTecTBennbiMH KoopfliinaTaMH tij = tji, 1 ^ i < j ^ 4. El 

npHMCHJiH HOjiyneHHyio b [71 §7.3] 4)opMyjiy p,e<^eKTa k npocTpancTBy M = SU4/r^, 
HaxoflHM 6m = 18, OTKy^a £(M) = 80 — 18 = 62. KaK oTMcnajiocb, 6e3 yneia KpaTHocTeft 
cymecTBycT ne 62, a 59 roMOTCTHHecKHX KjiaccoB (r.K.) HHBapHaHTHbix KOMHjieKCHbix Me- 
TpHK BftHHiTeliHa B M. A hmchho, t.k. flBaflH,aTH /^cbhth HOjiojKHTejibHO onpeflejiBHHbix h 

TpHflII,aTH MHHMblX MCTpHK 

C TOHHOCTbK) TOMOTBTHH H HSOMCTpHH Ha M = SU4/r'^ CymeCTByiOT HCTbipC HOJIO- 

jKHTejibHo oHpe;];ejieHHbie HHBapnaHTHbie mbtphkh 3HHmTeHHa , a bobcc ne Tpn, KaK 
yTBepjK/iaeTCH b [H Ta6jiHii,a 1] co ccbijiKoit na pa6oTy K). CaKane. ^ocTaTonno nx Kjiac- 

CH4)HH,HpOBaTb C TOHHOCTblO flfl TOMOTCTHH H flO HpaBOTO /I,eHCTBH5I B M rpyHHbl BeltjIH 

^4 (TaK KaK HO TeopcMC OnnmHKa [9j CBaanaH KOMHonenTa rpynnbi Bcex HSOMeTpnli hh- 
BapHaHTHoii mctphkh na M coBna^aeT c PSU4). Cjieflyiomne HCTbipe pnManoBbi mctphkh 
Honapno nesKBHBajienTHbi: 

(i) MCTpHKa K3jiepa-3HHniTeHHa c Koop^nnaTaMH tab = b — a, 1 ^ o,<b ^ 4; 

(ii) CTan/iapTnaH MCTpHKa BaHa-LI,Hjijiepa c Koop/;HnaTaMH tab = li 1 ^ CL<b ^ 4; 

(iii) MCTpHKa ApBaHHTofieoproca: tij = 5, tfc4 = 3 npn k} = {1, 2, 3}; 

(iv) pHManoBa MCTpHKa BH^a ti2 = (2 + 3 • 9) (7 — 12 • 9)/ {17 — 6-9), t34 = 2/3 + 9, 
t22 = tu = 1 + r], ti4 = t24 = 1-V, me r, = {9 + 2/3) ^(5 + 3 • 0)/(34 - 12 • 0), a 



^) CoflepjKaHHe SToro pasflejia b ochobhom cooTBeTCTByex npHMenaHHio npn KoppeKType h3 [S] 
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= Oi K, —0.028 — /];eHCTBHTejibHbiii Kopenb npHBOfliiMoro nafl nojieM Tf\e 

/3 = 3^ -t 1 = 3a/^(6,2) ± 1, 

Ky5HHecKoro ypaBHeHHa /(e) = 2/27 + 8/3 • + 6*^ = 0. 

CjieflyiomHe Tpn MHHMbie KOMnjieKCHbie mbtphkh nonapno HesKBiiBajieHTHbi: mbtphkh 
(v) H (vi) Biifla (iv), OTBenaiomHe mkhmmm kophhm = 82, 03 MHoroHjiena f{6), rj^e 
1^2/^1! ~ 59; MeTpHKa (vii) c Koop^HHaTaMH ti2 = ^34 = (4 + -y/— 2)/3 h tij = t^/^ = 1 b 
ocTajibHbix cjiynaax. 

H3 npefljioJKeHHH 7.1 b [J| cjie/iyeT, hto KajKflyio HHBapnaHTHyK) KOMnjieKcnyio MexpHKy 
BftHniTefiHa b M mojkho nepeBecTH b ojxay h tojibko o^Hy h3 MexpHK (i)-(vii) fleficTBHeM 
rpynnbi 54 h yiviHOJKeHHeM na CKajiap, T.e. cymecTByeT 59 = 29 + 30 = (12 + 1 + 4 + 12) + 
(12 + 12 + 6) r.K., cocToamHX h3 MexpHK BfiHinTeliHa. YpaBHeHHe 3HHniTeHHa [3 Eq. (1.1)] 
jXJin MeTpHK (i)-(vii) mojkho npoBepHTb sjieMeHTapno, npaneM r.K. mctphkh (ii) HBjiaeTCH 
ero HeTbipexKpaTHbiM pemeHHeM. OcTajiocb BocnojibsoBaTbCH HepaBencTBOM £(M) ^ 62 = 
59 + 3. 

BbiHCHHjiocb, HTO B ynoMHHyTOH pa5oTe KD.CaKane (cm. |10| ) b hbhoh ho rpoMos^Koft 
4)opMe nocTpoena MeTpHKa (iv) h yKasano, hto stot cjiynaft panee paccMaTpHBaji R.Senda. 

CyflH no 0] Ta6jiHu;a 1], cymecTBOBaHHe HHBapiiaHTHbix "pHManoBbix neKSjiepoBbix" MeT- 
pHK 3HHmTeHHa b G2/T^ 6bijio otkpmtmm BonpocoM. Tenepb ohh HaiifleHbi na Bcex cjajiaro- 
Bbix npocTpancTBax c CHCTeMoft T-KopHeit THna G2, T.e. na G2/T^, E^/T'^{A2)'^ E^/T'^A^, 
Es/T'^Eq, F4/T^^2- Cjiepjminfim TeKCT npoflOJiJKaeT [7J ii HcnojibsyeT Te me o6o3HaHeHHH. 

§ 3. OjlArOBblE nPOCTPAHCTBA C CHCTEMOH T-KOPHEH THHA G2 

IlycTb M — 4)jiaroBoe npocTpancTBO SU^/T'^ hjih G2/T^, m W — ero rpynna BeiijiH. 
fleftcTByiomaa na M cnpaBa, a £ W — OTpajKenne CHCTeMbi Kopneii THna A3 hjih G2. 

npefljio:»<;eHHe 3.1. /Jah (finazoeux npocmpaHcme M = SU^/T^ u G2/T^ coomeemcme- 
euHO UMeeM £{M/(j) = v{M/a) = 12 u 16. 

IlycTb M = G/H - 4)jiaroBoe npocTpancTBo (4).n.), Q — ero cncTeMa T-Kopneii, 
W = Noicmc{H) / H - ero rpynna BeiijiH, fleHCTByK)Hi,aH na M cnpaBa, a G W ~ 3Jie- 
MCHT, Hn/i,yn,HpyK)in;HH OTpaJKenne CHCTeMbi Q, n M/a - cJjaKTopnpocTpancTBO no rpynne 
{a). 

npeflJio:aceHHe 3.2. Ecau J7 neAHemcn cucmeMou Kopneu muna G2, mo 

S{M/a) = u[M/(t) = 16. 

IIpejijioacenHg ISTT] n 13.21 cjiejyKiT h3 jieMM, KOTopbie 6y/],yT /lOKasanbi b hh. I3.1H3.31 
Cyn^ecTByeT hhtb 4)jiaroBbix npocTpancTB M c CHCTeMOH T-Kopnen Tnna G2 '■ 

G2/T'', F^/T^A2,EQ/T\A2f, E-r/T^Ar„Es/T^EQ, (3.1) 

rp^e no^rpynna A^ rpynnbi E^ ne co^epjKHTCH b no^rpynnax THna Aq. KajK^OMy h3 bthx 
4).H. cooTBeTCTBenno mojkho conocTaBHTb eflnHCTBCHHyio cxeMy /],biHKHna: 

, , oo»oo oooo»» ••00000 

^ j '^ l • ) O ) o 

CjieflOBaTCjibHO, Kampfle h3 hhx HMeeT e^HHCTBenHyio, c tohhoctbio HSOMopcJ^HSMa, kom- 
njieKcnyio 4)opMy C. KaK n Boo6ni,e /i,jih (Jj.h. 4)opMbi C o/];H03nanno cooTBeTCTByioT 
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KaMepaM CHCTeivibi 0. HocKOjibKy HBjiaeTCH CHCTeMoit Kopnefl, 3th Kaiviepbi coBna^aioT 
c KjiaccHHecKHMH KaMepaMH BelijiH. Cjie^oBaTejibHO, rpynna W HHflyu;HpyeT b = Rfi 
rpynny jiHHeiiHbix npeo6pa30BaHHH, coxpaHHiomyio CHCTeiviy Kopneii THna G2 h TpansH- 
THBHyio Ha MHOJKecTBe KaMep BefijiH; T.e. bcrd rpynny BelijiH 3toh cncTeMbi Kopneii. 3to 
flOKasbiBaeT cymecTBOBanne a flJiH KaJK/i,oro h3 npocTpancTB (I3.ip . 

MHororpaHHHK HbroTona P = P{G2) npocTpancTB (I3.ip HBjiHeTca o;i;hhm h3 MHororpan- 
HHKOB P(r2), r^e Q, — CHCTeMa Kopneli, sa^annbix oGmeii 4)opMyjioH [7| (0.1)]. On 6yfleT 
nay Hen b nn. 13. 4143.51 

IIpefljioxceHHe 3.3. /I^jih KaMcdozo (pAazoeozo npocmpaHcmea M euda (13. ip hucao Hbio- 
mona i^(M) eupacHcaemcn ^opMynou 

v{M) = 152. (3.2) 

^OKasaTejibCTBO npHBO/];HTCH b n. 13.41 

B n. 13.61 JOKasano nepaBencTBO 8{G2/T'^) < v{G2/T'^)- 

^ecjaeKT 5m = i^{M) — £{M) mojkho nanTH neaaBHCHMo ot (13. 2p . 

IIpefljiOHceHHe 3.4. /Jasi KaMcdozo (pAazoeozo npocmpaHcmea M euda ()3.ip umccm: 

u{M) - £{M) = npw M / Ga/T^, (3.3) 

u{M) - £{M) = 18 npu M = G2/T^. (3.4) 

UpocmpaHcmeo M = G2/T^ o6Aadaem noAoofcumeAbHUM decfjcKmoM u{M) — £{M), na- 
KonACHHUM e 12 CMcamux odnopodHux npocmpancmeaM M^, coomeemcmeymn,ux nead- 
pamHUM zpauHM 7 MHOzozpauHUKa Hbmmona P. 

XoTH ;i;oKa3aTejibCTBO npenJioaceHHg [3^ b npHHu;Hne ne cjiojkho h ne rpoMos/iKO, o6i.eM 
HacTOHm;eH pa6oTbi Bce JKe ne nosBOJiaeT ero BKjiionnTb. 

B cjieflyromHX saMenannHX M — cJ^jiaroBoe npocTpancTBO BH/ia (I3.ip . 

SaMeuanue 3.5. Hncjio r.K. nojiojKnTejibno onpeflejiennbix HHBapnanTHbix MeTpnK 3iiH- 
niTeiiHa b M/a paBno 2 npn M = G2/r^ n 6 b ocTajibnbix neTbipex cjiynaax (cm. flo- 
6aBjienne). 06paTnbie o6pa3bi 3Tnx MeTpnK saBe^oMO ne SBjiHroTca MeTpnKaMn K3jiepa- 
SnnniTenna no OTHoniennio k KaKoti jin6o HHBapnanTHon KOMnjieKcnoli CTpyKType J na 
M. 

SaMeuanue 3.6. KoMnjieKcnbie mctphkh BfinniTenna na M/a CMOTpn b /];o6aBjieHHH 2 b 
KOHn;e pasp^ena. Hs nx o6paTnbix o6pa30B fleiicTBHeM rpynnbi W nojiynaeTCH 2+3 x 14 = 44 
r.K. MeTpnK na M. npncoe/i,HHaa MeipHKH K9jiepa-3HHmTeHHa OTnocHTejibno pasjinnnbix 
J, nojiynaeM 50 r.K. KOMnjieKcnbix nnbapnanTnbix MeTpnK BftHniTenna na M. 

IlycTb k — nncjio ocTajibnbix TaKnx MeTpnK 3HHmTeHHa na M c TonnocTbro flo ro- 
MOTeTnii n j^o flencTBnH rpynnbi W. IlpnnHB rnnoTeay 06 oflnoKpaTnocTn Bcex pemennn, 
serpyjiHO flOKasaTb, hto 6k = i/(M) — 50 — (5a/. Tor^a b cnjiy (|3.2p n (|3.4p 

k = - (152 - 50 - 18) = 14 npn M = G2/T^. 
6 

SaMcuaHue 3.7. JXjih flOKasaTejibCTBa npejjioacenng [3^ najo npe>Kfle Bcero onncaTb rpann 
MnororpannnKa HbK)Tona P. MoJKno noKasaTb, hto P nMeeT 15 /;ByMepnbix KBa/];paTnbix 
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rpanefi, Tpn h3 KOTopbix OTBepraroTCH no npHsnaKy |17[ Test 7.2 (§7.1)]. Bee rpaHH b 4)op- 
Me unpaMUffbi MOJKHO OTBeprnyTb no npnsnaKy [TJ Test 7.1]. Anajins ocTaBuinxcH rpanen 
eBO/],HTeH K 8 cjiynaHM, KaJK^bin ns KOTopbix MOJKno pa3o6paTb KopoTKO n 3jieMeHTapno. 
B pesyjibTaTe Bce ne KBa/ipaTnbie rpann OTBepraroTOH. 

^jiH flOKaaaTejibCTBa paBencTBa (j3.4p paeeiviaTpHBajiocb TopnHecKoe MnorooGpasne V 
(cm. [71 saMenanne 3.5]) n neKOTopbie ns ero o;i;nooop6HTHbix CTpaTOB, a nivrenno, (neoco- 
6bie) CTpaTbi, eooTBeTCTByiomne 12 KBaflpaTnbiM rpanaivi. On;enKa 6m ^ 18 npn M = 
G2/T^ cjie/iyeT ns npocTbix n flocTaTonno o6n^HX cooGpajKennii, a Bce neo6xo/];HMoe fljia 
flOKasaTejibCTBa paBencTBa 6m = 18 (nocjie neKOTopoit no;];roTOBKH) o6napyjKHBaeTca na 
oflnoM pasBopoTe Knnrn [21 rji. 1, §9.7, c.l28]. 

3.1. HHBapHaHTM fle SnGeHTajiH npocTpaHCTB M/a. (Cm. [71 Proposition 2.4, 
Example 1.1]). HaiifleM nnBapnanTbi ^e SnGenTajia oflnopo^nbix npocTpancTB M/a, Tf\e 
M = SUi/T^ HjiH M — jno6oe h3 naTH 4)jiaroBbix npocTpancTB (j3.ip . OTcro^a nojiynnM 
cooTBeTCTByiomne MnororpannnKH HbroTona h nncjia HbioTona. 

(pHKcnpyeM TeTpasflp A3, Bepmnny /3 G A3 n CHMMeTpnio r G 0(3) : A3 — )• A3 TaKyio, 
HTO t(/3) = /? h = e. OneBH^no, r — OTpajKenne. 

Onpe/i,ejiHM Tpoltnbie OTnonienna T ^43 n T G2 na MnojKecTBe / neopneHTHpoBanHbix pe- 
6ep TeTpasflpa ycjioBHHMH "pe6pa o6pa3yK)T TpeyrojibHHK" n "pe6pa oGpasyioT Tpeyrojib- 
nHK HJIH TpH pe6pa nepeceKaioTCH b TonKe /3". 

IlycTb / = {71, 72, 73, /32) /^a}) r^e pe6pa /3j bbixo^ht hs BepniHHbi /?. Tor^a 

TA3 = Sym{(/3i,/32,73),(/3i,72,/33),(7i,/52,/33),(7i,72,73)}, (3.5) 
TG2 = Sym{(/3i,/32,73),(/3i,72,/33),(7i,/32,/33),(/3i,/32,/33),(7i,72,73)}, (3.6) 
r^e Sym osnanaeT nepexo^ k CHMMeTpn^noMy MnoJKecTBy TpoeK. 

JleMMa 3.8. Ilycmt) M = SU^/T'^ uau G2/T'^- Tozda (a) nenpueoduMue KOMnoHenmu 
npedcmaeAeHuu usomponuu npocmpaHcmea M mochcho saHyMepoeamb tuecmbw pe6paMU 
G / maK, umo a \ j= t, a UHeapuanm de 3u6eHmaAH dnn M aanucueaemcn e eude 
(13. Sp UAU (j3.6p coomeemcmeeHHo; 

(b) uHeapuanmu de 3u6eHmaAn npocmpaHcme M/a uMemm coomeemcmeeHHo eud: 

T = Sym{(a', 6', 6), (a, 6', 6'), (a, 6, 6)}, (3.7) 

T = Sym{(a', 6', 6), (a, 6', h'), (a', h' , h'), (a, 6, 6)}. (3.8) 

ffoKasamcAbcmeo. 06o3HaHHM napbi npoTHBonojiojKHbix Kopneit b cncTeMax h G2 nepea 
/3(0 = {±(ei - £4)}, me i = 1,2,3, H 7(i) = {±{£j - e^)}, r^e {i,i,k] = {1,2,3}. 
Sflecb £1 + £2 + £3 + £4 = 0. HpeflnojiaraeTca, hto £4 = b cjiynae cncTeMbi G2. Bes 
noTepn o6ni,HocTH, a nepecTaBjiaeT flpyr c ^pyroM /3(1), /3(2) h /3(3). IIojiojkhb /3j = /?(«), 
7j = 7(^)) ^ = lj2, 3, nojiynaeM (a). Bbme^eM (b) h3 (a). IlycTb r(/3i)=/3i, t(7i)=7i, 
T{(i2)=l^2,^ ''"(72)=73- 05o3HaHHM nepes m C opToronajibnoe flonojinenHe no/];ajire6pbi 
HSOTponHH OTHOCHTejibno (JjopMbi KHjijinnra. Ero pasjio^Kenne na nenpHBO^HMbie yiojxyjm 
rpynnbi HSOTponnn oflnopo^noro npocTpancTBa M/a HMeeT bh^ 

rfle ma = m^(i), mb = m^(2) +m^(3)i "^a' = "^b' = "^/3(2) +ni/3(3). IloflCTaBjiHH b ([33D n 

(13. 6p a BMecTo 7(1), h bmccto 7(2) n 7(3), a' BMecTo /3(1), 6' bmccto /3(2) n /3(3), nojiynaeM 
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HHBapHaHTbi jie SnGeHTajiH T /a npocTpancTB Al/a b bh^g (|3.7p ii p.Sh : 
T As/a = Sym{(a', 6', 6), (a', b, 6'), (a, 6', 6'), (a, 6, &)}, 
T Ga/a = Sym{(a', b' , b), (a', b, b'), (a, 6', 6'), («, b)}. 

3to flOKasbiBaeT (b) jieiviMbi. □ 
AnajiornHHO HMeeM : 

JleMMa 3.9. Tlycmb M — (pjiazoeoe npocmpaHcmeo c cucmeMou T-Kopneu muna G2 (m.e. 
A}o6oe U3 nsimu (pjiazoeux npocmpaHcme (|3.ip ). Tozda UHeapuanmu de 3u6eHmaAn Bah M 
u M/a coomeemcmeeHHO UMemm eud (j3.6p u (j3.8p . 

3.2. TpexMepHBie MHororpaHHHKH P12 h Pig. OnnmeM TpexMepnbie MHororpaHHHKH 

P12 H P16 B — MHororpaHHHKH HbRDTOHa OflHOpOflHblX HpOCTpaHCTB M/a. Ha 3TOT 

pas fljiH yflo6cTBa o6o3HaHHM cTaH/i,apTHbiH 6a3Hc npocTpancTBa nepes {a, a', 6, 6'}. 
PaccMOTpHM cjie/iyromHe ceMb ToneK b : 

^ = -a, B = b' -b-a', C = b-a' -b' 

D = a' -b-b', E = a-2b, F = a - 2b' G = a' - 2b' 

05o3HaHHM Hepes P12 npnaMy c TpeyrojibHbiMH ocHOBaHHJiMH (A,B,C) h (D,E,F). 
riocTOHM Ha/1, ee KBa/],paTHOH rpanbK) (D, A,C, F) nnpaMH/iy P4 c BepruHHoit G ^ P12. 

06o3HaHHM Hepe3 Pig = P12 U P4 BbinyKjiyio o6ojiOHKy Bcex cbmh tohbk A, . . . ,G 
(Phc. 3). MnororpaHKHK Pig KOMGnnaTopHO ycTpoen TaK JKe, KaK BbinyKJiaa o6ojiOHKa 
ceMH BepuiHH Ky6a; oh HMeeT ceMb BeprnHH h ccmb /iByMepHbix rpanefi, a hmchho, Tpn 
HeTbipexyrojibHbie h neTbipe TpeyrojibHbie rpann: 

(A, B, E, D), {D, E, F, G), (B, G, F, E), (A, B, G), {A, G, G), {A, D, G), (C, F, G). 

Ms onpe;];ejieHHH cjiepjeT: 

JleMMa 3.10. UocmpoeHHue MHOzozpaimuKU P12 u Pig sieAHwrncH MHOzozpauHUKaMU 
HbtomoHa odHopodnux npocmpaHcme KAacca a (cm. [7, §2. 4] J c UHeapuanmaMU de 3u- 
6eHmaAR (13. 7p u (13. 8p coomeemcmeeHHO. 

/^OKasamcAbcmeo. JleMMa cjieflyeT h3 BKjiioHeHHH S C P12 C Pig, r^e 5 — CTaH^apTHbiH 
CHMHjieKC B M^, T.e. CHMHjieKC c BepniHHaMH —a, —a', —b, —b'. □ 

CjieACTBHe 3.11. P^/a = Pu d^n M = SU^/T^; Pu/a = Pie dnn M = G2/T^ u 
ocmaAbHux (pAazoeux npocmpancme (j3.ip . 

JleMMa 3.12. UpueedeHHue o6neMU v{P) MHOzozpannuKoe P12 u Pig paenu 12 u 16. 

floKasamcAhcmeo. HaTHHeM na MHororpaHHHKH TpexMepnoe a(|)4)HHHoe npocTpancTBO 
D = {x E : = —1}. Cyni,ecTByeT Ky6 Q b Z) co CTopoHOH eBKjiH^OBOii fljiHHbi 

2 Taxoii, hto Q D P12. HMeeM ^{Q) = 3 • 2^ = 2i/(Pi2), OTKy/i,a i^(Pi2) = 12. HpHBe/ienHbifi 
oGi^eM TpexMepHoit nwpsMRji^i b D BbipajKaeTca Heo6biHHOH cJaopMyjioH 

u = ha, 

rfle h — BbicoTa nHpaMH/i;bi h o" — eBKjiHflOBa njioH^a^b ocHOBaHHH. ^Jia HHpaMHflbi P4 
HMeeM c7 = 2x2h/i = 1, HOCKOjibKy 2h — flnaronajib KBaflpaTa {D, G, F, -^y^) co CTopoHOH 
V2. SnaHHT, zy(Pig) = i^iPu) + v{Pa) = 12 + 4. □ 
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Phc.3. MHororpaHHHK Pig h ecTecTBeHHbifi 
opToroHajibHbifi penep b TOHKe — a' G Pie- 



3.3. OflHopoflHbie npocTpancTBa c TpexMepntiMH MHororpaHHHKaMH P12 h Pig. 

JleMMa 3.13. Ilycmb M = G/H — KOMnanmHoe odHopodnoe npocmpaHcmeo c odnoKpa- 
niHUM cnenmpoM npedcmaeAenuH uaomponuu, c MHOzozpauHUKOM HhwmoHa P = P12 uau 
Pie- Tosda zpynna G noAynpocma, M codepcHcumcH e KAacce a, onpedeACHHOM e |7| §2.4]. 
PaeeHcmeo 

£{M) = v{P) = 12, 16 
SKeueaAenmHO [ma',tTia'] 7^ n CAedyem U3 [ma', f)] 7^ 0. 

/^OKasameAbcmeo. Vis BKjiioHeHHH S C P12 C Pie cjie^yeT, hto rpynna JIh G nojiynpocTa 
(b CHjiy |7, §1.6, saMenaHHe 1.1, 2)]) h, 6ojiee Toro, M coflepjKHTCH b Kjiacce a (b CHjiy [3 
npe/iJioJKeHHe 2.2]). IlycTb t = {ta,tb,ta' ,th') — ecTecTBeHHbie Koop/iHHaTbi HHBapHaHTHoii 
KOMnjieKCHOH MeTpHKH B M TaKLie, KaK B [7*, npHMep 1.1], a s{t) — CKajiapnaH KpHBHsna. 
HocHTejib supp(s) jiopaHOBCKoro MHoroHjiena s{t) coctoht h3 BepniHH MHororpaHHHKa P 
H TOHeK —a',—b,—b' E P ([3 npe;];jio>KeHHe 2.4]). 

CymecTByeT eflHHCTBeHHoe pe6po 7 c i^eHTpoM b tohkb HOCHTejiH. 3to pe6po 7 = (PC) c 
ii;eHTpoM —a' G supp(s) omeepzaemcH (b CMbicjie \l\ §7.1]) npn [ma',ma'] 7^ no npHSHaxy 
la Test 7.2]. 

B cooTBeTCTBHH c [TJ §7.1], npoBepHM, HTO OTBepraiOTca Bce ocTajibHbie p-rpann 7 C P, 
< p < dim(P), H TeM caMbiM flOKajKeivi jieMiviy. KaK bh/];ho h3 nepTejKa, Bce Tpeyrojib- 
Hbie rpaHH 7 h Bce pe6pa 7 7^ {BC) OTBepraioTCH no npnsnaKy [7], Test 7.1]. OcTajiocb 
paccMOTpeTb Tpn neTbipexyrojibnbie rpann 7 C P, r/],e P = P12 hjih Pig. 

Cjiynan 1). IlycTb 7 = (^, P, P, P) - KBaflpaTnaa rpanb, P = P12 hjih Pig. Tor^a 

(^(t) := tbs^(t) = At^-'' -Ef-^ -Bt^'-""' -Dt"'-^' +K, B = D. 

(na 3TOT pas mm o6o3nanaeM nepes. A, B, h t.j\. ae BepniHHy MnororpannnKa P, a co- 
OTBeTCTByiomnii K034)4)Hn,HenT MHoroHjiena ibs(t)). OyHKD;HH (p cyn^ecTBenno saBHCHT ot 
2 = dim(7) nepeMennbix. Hepexofla ot neTbipex nepeMennbix ti k flfiyu hobbim nepeivieH- 
HbiM x,y, nojiynaeM 

ip{x, y) = Ax-^ - Ex- B{y-^ + y) + K. 
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CjiynaH 2). riycTb 7 = {B,C,E,F) - npHMoyrojibnaa rpanb, P = P12 hjih Pig. Tor/],a 
fljia /iByx noflxoflamnx nepeMeHHbix x, y 

(^(t) := -t^, s^{t) = By-^ + Cy + Exy'^ + Fxy - L, B = C. 

CjiynaH 3). HycTt, j = (D, E, F,G) - Tpaneii;HH, P = Pig. Tor/];a /i,jih AByx no/i,xo/],HmHX 
nepeMeHHbix x, y 

^(t) := t-{a-b-b') ^ -Sy-i -Fy-Dx- Gxy. 

nOKaJKBM, HTO B KaJKflOM H3 3THX TpeX CJiyHaeB KOMnjieKCHaH KpHBaH B (C \ 0)^, 

3a/];aHHaH ypaBHenneM (p{x, y) = 0, x,y ^ 0, hbjihbtch Heoco6oH. HycTb 

z = dip{x,y)/dx, ip = ip — xz. 

B cjiynae 1) HMeeM z = —Ax~'^ — E, T.e. x"'^ = — (z + E)/A. Hs dip{x,y)/dy = cjie^yeT 
y2 = 1. Tow y) = 2y4x-^ ±2B + K, 

h := 7p{x, y) ip{-x, y) = {K± 2Bf - AA^x''^ = {K ± 2Bf + AAE + AAz. 

B cjiynae 2) HMeeM z = Ey~^ -\-Fy, 'ijj{x,y) = By^^ + By — L. SnaHHT, Ey~^ = —F + y^^z, 
Fy^ = -E + yz, 

I2 := i^{x, y) V^(x, -y) = - B\y-^ + y^ + 2) = L^ + B\F/E + E/F - 2) 
-{B^/EF){Fy-^ + Ey)z 
B cjiynae 3) HMeeM z = —D — Gy, T.e. y = —{D + z)/G, y^^ = —{y^^z + G)/D, 

h := y) = -Ey-^ -Fy = {GE/D + DF/G) + {{E/D)y'^ + F/G) z. 
Sflecb A,K,L — K034)4)HH,HeHTbi MHoroHjiena s{t) cooTBeTCTBeHHO npn = t^"", t^^ = 

H t~/ = t~^' . H3 KOMHaKTHOCTH M CJieflyeT, HTO OHH HeOTpHH,aTejIbHbI ([71 JieMMa 5.3, 

2)]) (cpaB. TaKJKe c cJ^opMyjioH BaHa-LI,Hjijiepa b [TJ npHMep 1.1]). Tor^a A, K, L > b CHjiy 
[3 HpefljioJKeHHe 2.4] o HOCHTejie MHoroHjiena s{t). HMeeM: 

A,B,G,D,E,F,G,K,L > 0, 

CJieflOBaTejIbHO, BbinOJIHHIOTCH flHCKpHMHHaHTHbie HepaBeHCTBa 

{K ±2Bf + 4:AE > 0, EFL^ + B'^{E - Ff > EG'^ + FD'^>0, 

B CHJiy KOTOpblX h, 12,1-3 > npH Z = 0. rioSTOMy KpHBbie Yy He HMeiOT OCo6bIX TOHeK, H 

rpaHH 7 = {A, B, E, D), (P, C, E, F), {D, E, F, G) oTBepraioTCH. 

CjiyHait 3a). Fpanb (D, A, C, F) npHSMbi P12 (co^epjKamaa BHyTpeHHioio TOHKy —b' mho- 
rorpaHHHKa Pig) paccMaTpHBaeTca tohho Tax JKe, KaK rpanb {A, B, E, D) b P12, h Tax >Ke 
OTBepraeTCH. JieMMa flOKaaana. □ 

SaMeuaHue 3.14. ^Jia Toro, HTo6bi o/];HopoflHoe npocTpancTBO M = G/H KOMnaKTHott 
nojiynpocTOH rpynnbi JIh G c HHBapHaHTOM (j3.7p hjih (|3.8p cooTBeTCTBeHHO hmbjio mhofo- 
rpaHHHK HbioTOHa P = P12 hjih Pig, ^ocTaTOHHo, HTo6bi BbiHojiHHjiocb [rria, f}] 7^ 0. 

HpHBefleM flpyrne npHMepbi o/];Hopo/i,Hbix HpocTpancTB c HHBapnaHTOM (|3.7p . 

IIpHMep 3.15. HHBapHaHTOM j^e 3H6eHTajiH cjie/iyiomnx o/iHopoflHbix HpocTpancTB hb- 
jiaeTCH TpoHHoe OTHomeHne (13. 7p : 
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1) o/i,HOCBa3Hbie npocTpaHCTBa 

E-j/T^-ArArD^, Es/T^-ArDe, Ei/T^-AvB2; 

2) TpH cepHH [rflfi l=m' +n+m): 

Sp i/Sp X U„ X Sp^ (l^m^m') , SO ai/SOa^' x U„ x S02„^ {2^m^m'), 
S02m/S02m'xU„xS02^+i (O^m, 2W), 

3) cepHH npocTpancTB G/H c rank{G) > rank{H) : 

G/H = SU„/S(Sp,^-ri xU„2 xU„3) (n = 2ni + + ns). 
(B nn.l) H 2) nepeHHCJienbi Bce p-CHMMeTpHHecKHe npocTpancTBa BHyTpeHHero rana c ch- 
CTeMOH 5-KopHeH BC2^ CM. |8, 0.3.9]). HpocTpaHCTBa 1),2),3) hmgiot MHororpaHHHK Hbio- 

TOHa Pi2- 

Ha jieMM BbiTeKaeT : 

CjieACTBHe 3.16. £{M/a) = v{M/a) € {12, 16} Bah M = SU^/T^ , G2/T^ u dpyzux 
cfjAazoeux npocmpaHcme (13. ip ." 

£{M) = v{M) = 12 dAH odnopodHux npocmpaHcme M, nepeuucAeHHUx e npuMepe \3.15[ 

SaMeuanue 3.17. IlpHSMa P12 = P{BC2) OTjinnaeTCH ot paccMOTpeHHofi b [71 §7.2] npHSMbi 
IB = P{B2). Hx MOJKHo nepebecTH flpyr b flpyra fleficTBHeM rpynnbi GL{A,'L) (oTciofla 
paBeHCTBO o6i.eMOB). Ho sto ne pacnpocTpaHHeTCH na HOCHTejin supp(s). 

3.4. Hhcjio Hi>K)TOHa z^(G2/T^). HpHBe^eM ^OKasaTejibCTBO (]3opMyjibi (j3.2p . onycKaH 
TOJibKO jierKO BoccTaHOBHMbie no/];po6HOCTH. HycTb P = P{G2) — naTHMepHbiit MHororpaH- 
HHK HbioTOHa 4)jiaroBbix npocTpancTB M c CHCTeMoft T-KopneH THna G2 ■ Ho onpeflejieHHio 
HHCjia HbioTOHa hmbbm 

y = j.(M) = 4= vob(P(G2)). 

3flecb yo\e{Q) — CTaH/];apTHbili bbrjih/iob oGi-eM jiio6oro MHororpaHHHKa Q b rnnepHjioc- 
KOCTH = {x G : xi + . . . + X6 = — 1}. CpaBHeHHe 4)opMyji (j3.5p h (|3.6p HOKasbiBaeT, 
HTO P = P[G2) HBjiHeTca BbiHyKjioH 060JIOHKOH paccMOTpeHHoro panee b [7j MHororpan- 

HHKa HblOTOHa n = P{A^) H TpeX TOHGK. 05o3HaHHM 3TH TOHKH HepeS Oj, i = 1,2,3. 

OTOJK/iecTBHM / = {71 , 72 , 73 , , /32 > /^s} CO cTaH^apTHbiM 6a3HcoM B M^. Tor/];a 

a, = /3i-/3, {i, J, /c} = {1,2,3}, 

06o3HaHHM Hepe3 C{Q) = {g G : (p, g) ^ \/ p G Q} flBOHCTBeHHbiii Konyc ^jih Q C M^. 
HycTb r — cjaaccTa MHororpaHHHKa H h / G C(n)\0 — BCKTop HopMajiH k T (HapajijiejibHbiii 
peSpy KOHyca C(n)). Hpn {oi, f) > nasoBCM cJ^aceTy F ocBemeHHoii h3 tohkh Oj. H3 
BKjiK)HeHHH ^ (aj+Qj) = — /3fc G n, rfl^e k} = {1, 2, 3}, jierKO cjiepyeT, hto P coBHa^aeT 
c o6i.eflHHeHHeM MHororpaHHHKa H h bccx HHpaMH/i; c BepmHHoft a^, HOCTpoennbix na^ 
4)aceTaMH, ocBemennbiMH h3 tohkh Qj, i = 1,2,3, npHHCM 3th MHororpaHHHKH o6pa3yK)T 
pa36HeHHe MHororpaHHHKa P, T.e. HMeroT nonapno HeHepeceKaK)n],HecH BnyTpeHHocTH. 



B 7, §7], noflCTpoMHoe npHMSMaHHe 11), oflHO npocTpancTBO h3 cjieflyromero cnncKa 5bijio nponymeHO 
(Et/T^-D4-Ai-Ai) h npHKJieHjiHCb flea npocTpancTBa h3 flpyroro cnHCKa (a HMeHHO, oco6Bie (JjjiaroBbie 
npocTpancTBa c CHCTeMoii T-KopHeit Q = {±1, ±2, ±3} C Z ^, hx MHororpanHHK HBMTOHa — Tpanei],Ha). 

^-^ 3flecB OT o5o3HaHeHHii [7] yflo5HO nepeiiTH k hobbim o6o3Ha'^ieHHaM fljia 6a3Hca b R^. B cjaopMyjiax 
fljra n (cm. [T] npHMep 1.4]) mojkho hojio^khtb l^j = Iji = 7^, 1^4 = Pi npa fc} = {1,2,3}. 
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Phc.4. FpacJ) Bana- 
LI,Hjijiepa npocTpancTBa 
G2/T\ 

(BepuiHHbi rpacj^a ot- 
BenaioT no/];ajire6paM t, 

t2 g t C 



IlHTHMepHbiH MHororpaHHHK n = P{A^) paccMaTpHBajicH B [3 npHMepbi 1.4, 3.2, 7.7]. 
Oh HMeeT ceMb (JjaceT, T.e. ^BOHCTBeHHbifi Konyc C(n) HMeeT ceMb pe6ep. 3th pe5pa na- 
pajiJiejibHbi cjie/],yioiii,HM xapaKTepncTHKaivi, T.e. 0, 1-BeKTopaM: 

X° := X7i,72,73' X* = X7,,/3j,/3fc, = X-i„l3v = 1) 2, 3. 

Sflecb xs — xapaKTepHCTHKa c Hyjib-MHOJKecTBOM S C I, I = {71, 72, 73) /32) /^s}, T.e. 
BeKTop a Koop;];HHaTaMH xs(^) = npn i £ S, 1 npn i G I \ S. ^jih flpyrnx G/H xapaK- 
TepHCTHKH Xs onpeflejiHRDTCH aHajiorHHHO. BocnojibsyeMCH tbm, hto b o6meM cjiynae 0, 1- 

BeKTOpbl Xs £ C{Pq/J{), H TOJIbKO OHH, HBJIHIOTCH XapaKTepHCTHKaMH //-IIHBapHaHTHblX 

no/i;ajire6p J = f) + ms C g. (cp. [51 cjie^cTBHe 2.0] hjih [71 §6.1.5]). HanpHMep, npn 
G / H=SUi/T^ iiMeeM xP , x^ , G C(n), nocKOJibKy Pqi}j=I1 - MHororpaHHHK HbioTOHa 
npocTpancTBa SU^/T^, a x^i X\ ^ xapaKTepncTHKH MaKCHMajibHbix no/],ajire6p MaK- 
CHMajibHoro panra ajire6pbi JIh SU4. HpH G / H=G2/T'^ HMeeM Pqih=P- JlerKO BH^eTb, 
HTO xP , ip^ - xapaKTepHCTHKH HO/];ajire6p t oco6oh ajire6pbi JIh 02- (CTpyKTypa Bcex ho- 
flajire6p ajire6pbi 02) coGcTBennbix h co6cTBeHHbiM o6pa30M co/],epjKaHi,Hx = Lie(T^), 
HBjiHeTCH flepeBOM, H3o6pajKeHHbiM Ha Phc.4, r/ie nepHbiMH KpyjKKaMH o6o3HaHeHbi ho- 
flajire6pbi \ c xapaKTepncTHKaiviH x*^ h i = 1,2,3, 6ejibiMH KpyjKKaiviH — flpyrne ho- 
flajireGpw t, OTpesKaMH — BKjiioHeHHH C h D MejKfly no/];ajire6paMH) . Cjie^oBaTejibHO, 
H 99' € C{P) C C(n). SnaHHT, 4)aceTbi MHororpaHHHKa 11 c BeKTopaiviH HopMajien h 99*, 
i = 1) 2, 3, jieJKaT na cJ^aceTax MHororpaHHHKa P, h HOTOMy ne ocBem;eHbi. ^ajiee, HMeeM: 

(ai,x^) = 25^-1, i,j = 1,2,3, 

rfle 5l — CHMBOJi KponeKepa. Cjie^OBaTejibHO, i-R cjaaceTa Fj = {p G 11 : {p,X^) = 0} 
MHororpaHHHKa 11 ocBemena h3 z-h tohkh at, i = 1,2,3. 05o3HaHHM nepes Pi nnpaMH/iy 
c aneKcoM Oj, HocTpoeHHyro na cJaaceTe Fj. HTaK, mm pasGnjiH MHororpaHHHK P = P{G2) 
Ha 4 MHororpaHHHKa c Honapno ne HepeceKaK)H;HMHCH BHyTpeHHOCTHMH: 

P{G2)=PiUP2UPiUU, U:=P{As). 

HerpyflHO npoBepHTb, hto BbicoTa h KajK/iofi HHpaMH/i,bi Pi paBHa \/6/3. 

FEo/iCHHTaeM o6T.eM P{G2)- MnororpannHK 11 HBji5ieTC5i eBKjiH;];oBbiM HpaMbiM HpoHsee- 
jieaneM TeTpas^pa c pe6poM 2 h HpaBHjibHoro TpeyrojibHHKa A2 co CTopoHolt 2 (cm. [3 
HpHMep 1.4]) n = A3 X A2, OTKyfla, oneBHflHO, vol£;(n) = 80 ([3 npHMcp 1.5]). IIpH 

3TOM Fj = A2 X A2. HoSTOMy CBKJIHflOBa HJIOHI,a/],b OCHOSaHHS Fj HHpaMH/],bI Pi paBHa 3. 
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OTciofla naxofl^nM oGi^eMbi nnpaMH^: 
SnaHHT 

5! 

1/ = 3 • 4! + — vol£;(n) = 72 + 80 = 152. 
v6 



OopMyjia (j3.2p /],OKa3aHa. 

3.5. OaceTBi MHororpaHHHKa HbroTona P = P{G2)- HpoflojuKHM HsyneHHe BbinyK- 
jioro HHTHMepHoro MHororpaHHHKa P = P{G2)- HalifleM ero cJ^aceTbi F, Hpoxoflamne nepes 
TOHKy ai = /?! — — /Ss = (0, 0, 0, 1, —1, —1). Ohobh/iho, F co/];ep>KHT 6oKOByio 4-rpaHb 
HHpaMHflbi Pi = Conv(ai, Fi ). Hcnojibsya paBencTBa 

{a^,^^) = -25l (a„x^'> =2,5^'-l, i,j = 1,2,3, 
Haxo/i,HM Bcero 6 KaHflH^aTyp ^jih BeKTopoB HopMajieli / G C{P) k 4)aceTaM T d P : 

Bee OHH SyjjjT BeKTopaiviH HopMajieli k (JiaceTaM MHororpaHHHKa P, nooKOjibKy nupaunp^a 

Pi SaBeflOMO He HBJIHeTCH 5-CHMHJieKeOM (naHOMHHM, HTO Ti = A2 X A2). 

IIpefljiOHceHHe 3.18. Konyc C{P{G2)) UMcem 13 pe6ep. IlHmh us hux nopocHcdenu een- 
mopaMU 

fl = (0,0,0,1,1,1) = X° = X7l,72,73' 
/2 = (0,1,1,0,1,1) =X7i,/31, 

/3 = (2,1,1,0,1,1) =x'+x', 

/4 = (0,1,1,2,1,1) =x° + x' = 2-/3, 

/5 = (0,3,3,2,1,1) =^i + 2x\ 

a ocmajibHue pe6pa noAyuammcH us pe6ep R i = 2, 3, 4, 5, deucmeueM mecmuuAeHHOu 
zpynnu jiuhcuhux npeo6pa3oeaHuu 7j 1— )• 7o-(i), A 1— )• /3a{i), i = 1)2,3, zde a G S3. 

floKasameAucmeo. IlycTb V — 4)aceTa MHororpaHHHKa P, HopMajibHaa k pe6py M +/ Kony- 
ea C{P). OcTajiocb paeeMOTpeTb ejiynaii, Kor^a ai, a2> 03 ^ F. B 3tom cjiynae dimFnn = 4 
H (]3aeeTa F H H MHororpaHHHKa 11. ne aBjiaeTCH oeBeHi,eHHOH hh h3 opfioA tohkh Oj, 
i = 1,2, 3. Tor/i,a, c TOHHoeTbKi ^o MHOJKHTejia, / = ^ . □ 

Cjie^CTBHe 3.19. UsimuMepHuu MHOzozpauHUK P = P{G2) e UMeem 13 (fiacem, m.e. 
uemupexMepHux zpaueu. Paeeucmeo /4 = 2 — /s, m.e. /4(i) = 2 — fsii), i = 1,...,6, 
noKasueaem, umo (fiacemu Tj., i = 3,4, napaAACAbHU dpyz dpyzy. 

3.6. HepaseHCTBO ajih <S(G2/T^). ^OKajKeM, hto £{G2/T'^) < i^(G2/T^). BnaHajie sa- 
MeTHM, HTO anajiornHHoe nepaBenoTBO flJiH SU^/T^ mojkho flOKasaTb, Hcnojibaya jiK)6yro h3 
12 /iByMepHbix KBa/ipaTHbix rpaneit □ MHororpaHHHKa HbroTona 11 = A3 x A2, OHHcannbix 
B [71 §7.3], H HpHpaBHHBaa Hyjiro onpeflejiHTejib BToporo nopaflKa h3 7.3.4. 

FTepeneeeM 3tot njian na ejiynalt G2/r2. nepelifleM ot H = ^(^3) K MHororpaHHHKy 
HbK)TOHa P = P{G2) npooTpaneTBa G2/T'^ h BoenojibsyeMca BKjironeHHeM 11 C P. YxBep- 
jK/];aeTca, hto Bce 12 KBaflpaTOB □ C H sBjiaroTca rpaHHMH MHororpaHHHKa P. J\mi naruHx 
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ii;ejieH /locTaTOHHO nocTpoHTb jiio6oh h3 hhx, ho mm nocTpoHM flfia. ^ B CHjiy npe/];jio>Ke- 
HHg 13.18] /iBOHCTBeHHbiH KOHyc C{P) co/iepjKHT cjie/iyiomHe TpH BeKTopa: 

(1,1,2,4,2,3) (1,5,6,3,3,2) (0,5,5,5,4,4) 

= (0,0,0,1,1,1) =(0,1,1,0,1,1) =(0,0,0,1,1,1) 

+(1,0,1,1,0,1) +(1,1,2,1,1,0) +(0,1,1,0,1,1) 

+(0,1,1,2,1,1) +(0,3,3,2,1,1) +(0,1,1,2,1,1) 

+(0,3,3,2,1,1) 

Shehht, opToroHajibHoe /];onojiHeHHe KajKfloro H3 hhx nepeceKaeT MHororpaHHHK P no hcko- 
Topoii rpaHH. IlocTpoeHHbie rpann jiejKaT b H, nocKOjibKy ne co/iepjKaT BepniHH ai E P, 
i = 1,2,3, BHfla ai = /3i — j3j — j3k-, nanpHMep, BepniHHbi ai = (0,0,0,1,-1,-1). JlerKo 
npoBepaeTCH, hto 

1- ^(1, 1,2,4,2,3) — KBa^paT BHfla □, 

2- r(i,5,6,3,3,2) — KBaflpaT □, 

3- r(o,5,5,5,4,4) = r(o,i,i, 1,1,1) — KBa/];paT c ^eHTpoM -71 = (-1,0,0,0,0,0), 
yflOBjieTBopHiomHH npHSHaKy [TJ Test 7.2] (cm. [71 §7.1]). 

YcjioBHe coBMecTHOCTH CHCTeMbi ypasHeHHH [TJ (1-2)], CBasaHHOH c rpaHbio □, HMeeT bh/i, 

a b 
c d 



D = det 



0, 



rflid a,b,c,d — K03(]34)Hu;HeHTbi MHoroHjiena Jlopana s{t) npn CTenenax t, cooTBeTCTByion^HX 
BepniHHaM rpann □. Ha cJ^opMyji fljiH s{t), npHBe/];eHHbix b cjie/];yion];eM flonojinenHH, bbi- 
TeKaeT, hto b cjiynae G2/T'^ K034)4)Hu;HeHTbi npn Bcex Bepmnnax MHororpaHHHKa 11 (ho 
He P) coBHaflaioT, OTKy/],a a = b = c = d; D = b cjiynae G2/r^ h D 7^ ^Jia ocTajibHbix 
(JjjiaroBbix HpocTpancTB (13. ip . 3to /lOKasbiBaeT HepaBencTBO £{G2/T'^) < v{G2/T'^)- 

^OnOJTHEHHE 1. O HHTH OCOBblX OJIArOBblX nPOCTPAHCTBAX M 

PaccMOTpHM rpynnbi hsotpohhh H h saHHmeM MHoroHjienbi Jlopana s{t) fljia hhth 
4)jiaroBbix npocTpancTB M = G/H BH/],a (|3.ip . Tor/ia H coflepjKHTCH b cbhshoh MaK- 
CHMajibHofi HOflrpyHHe MaKCHMajibHoro panra A2 ■ H' , rp,e H' = {H,H) — ee KOMMyTaHT, 
{A2,H') = {e}. HosTOMy nepes TOHKy eH b G/H npoxoflHT if-nHBapnaHTHoe no/inpo- 
CTpancTBo CP^ = A2/T^- B hbm jiejKax Tpn iif-HHBapHaHTHbix Ho/i,HpocTpaHCTBa CP^, 
eH G CP^ C CP^. Hx KacaTejibHbie npocTpancTBa Tn^(i), "^7(2)) ^7(3) — hbjihkjtch 
TpeMa H3 mecTH HenpHBOflKMbix noflMOflyjieft H-MOfl^yjia 

m = m^(i) + m^(2) + m^(3) + m^(i) + m^(2) + m_g(3) 

(cm. o6o3HaHeHHH B /lOKasaTejibCTBe jicmmbi 13. 8| cp. [T] npHMep 1.1]). HoflMO/iyjiH m^(j) 

OTBBHaiOT /IJIHHHbIM KOpHSM CHCTCMbl J7 (xOTOpaH SBJiaBTCa CHCTCMOH KOpHeft THHa G2) ■ 

YnHTbiBaH CHMMCTpHH, HaxoflHM pasMcpHOCTH Nq, = dim(mQ,) : 

A^7(l) = ^7(2) = ^7(3) = 2, Npil) = Np{2) = iV/3(3) = N, 

rfle N = (dimM - 6)/3. 



^■^ HonyTHO OTMeTHM, MTO jiK)5yio flByMepHyio HeTpeyrojibHyM rpaHb MHororpaHHHKa P mojkho nepe- 
BecTH B OflHy H TOjibKO OflHy H3 yKasaHHbix HHJKe rpaHeii 1-3 nocpeflCTBOM rpynnbi 53 — Wa^/i^l)- 
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^JIH KOMMyTHpyiOmHX CHMBOJIOB x,y, z,x ,y , z Bse^eM 0503HaHeHHH 

((a^, z)) = , {{x',y', z){x, y, z)) = {{x', y, z)) + ((x, y' , z)) + ((x, y, z')). 

xyz 

BbipaJKeHHe fljia CKajiapnoH kphbhshm s{t) h3 [7, Example 1.1] npHHHMaeT bh/i, 
3 

2s{t) = - «i((i7(i)'*7(2)>i7(3))) (3 9) 

- I^2{{t^{l),t^{2),t'y{3))i'tl3{l),tp(^2),tp{3))) " ^^3 ((i/3(l) , i/3(2) , */3(3) ) ) • 
HepaBeHCTBa (BaHa-LI,Hjijiepa) j^Jiii KoscJjcJjHi^HeHTOB hs [71 Example 1.1] npHHHMaiOT bh^ 

1-Kl-K2>0, TV - 4k2 - 2k3 > 0, Ki,K2,K3>0. (3.10) 

05o3HaHHM Hepes j nuflfiKc ^biHKHHa npHcoe/i,HHeHHoro npe/],CTaBjieHHH rpynnbi G. Yt- 
BepjK^aeTca, hto 

N = j-6, Ki = 2/j, K2 = l-6/j, k3=j76-1, (3.11) 
npH 3T0M j = 8, 18, 24, 36, 60 cooTBeTCTBeHHo j^jisi G = G2, -F4, Eq,Ei, Eg. 

^OnOJIHEHHE 2. BblHHCJTEHHE KOMnJTEKCHblX METPHK 3HHmTEHHA B M/a 

HycTB M — jiio6oe h3 cJ^jiaroBbix npocTpancTB (|3.ip . W — ero rpynna BelijiH. 

HeTpy^HO y6eflHTbCH, hto na 4)aKTopnpocTpaHCTBe M/W cymecTByroT flBe G- 
HHBapHaHTHbie KOMnjieKCHbie MexpHKH 9itHmTeHHa c tohhoctbk) flo roMOTeTHH. Hx 06- 
paTHbie o5pa3bi na M HMeioT Koop/innaTbi = t^(-2) = t^(3) h 

1 



*/3«A7W = ^ i^-^' ^ v'5(j-12) (5j-12)j , i = 1,2,3. (3.12) 

ripn M 7^ G2/T^ (j ^ 18) 4)opMyjia (|3.12p 3a/];aeT flse He roMOTeTHHHbie flpyr flpyry 
nojiojKHTejibHo onpe;i;ejieHHbie MexpHKH 3liHmTefiHa. 

HepeHfleM k G-nHBapnaHTHbiM MeTpHKaM b M/a. IlycTb ta = ^7(1)) tb = ^7(2) = ^7(3)' 

ta' = ^b' = ^/3(2) = ^/3(3) — eCTeCTBeHHbie KOOpflHHaTbl B npOCTpaHCTBe 3THX MBTpiIK. 

Cjieflyiomaa jieMMa noKa3biBaeT, hto K034)4)HLi,HeHTbi KajKfloro He Vl^-HHEapnaHTHoro 
pemeHHa [T] Eq. (1.1)] (c tohhoctbio j^o oGn^ero MHOJKHTejia) npHHafljiejKaT hojik) ajire6- 
paHHecKHX HHceji CTeneHH 14 = dim(G2), a nojia fljia pa3Hbix pemeHHH H30Mop4)Hbi. 

JieMMa 3.20. Ha (paKmopnpocmpaHcmee M/a cymecmeyem 14 nonapno HezoMomemuu- 
Hux KOMnACKCHUx McmpuK duHiumeuHa euda 

tb'/h = X, ta'/ta = Fi{x), ty/ta = F2{x), Fi{x) G Q (x), 

zde X G {xi, . . . ,xi4} — Kopeub nenpueoduMozo MHOsoHAena 14 cmenenu fin{x) G Q [x]. 

JieMMa npoBepaeTCH npaMbiM BbiHHCjieHHeM c noMombro nporpaMMbi MAPLE. 
ripHBefleM BbipajKeHHS pjm M = G2/T^ (T.e. fljiH j = S). 

fi4 (x) = 2302911 a;^* - 10589454 x^^ + 25929072 x^^ - 40992642 a;" + 40560939 x^° 
- 19334556 x^ - 8129184 x** + 21916564 x"^ - 17302275 x^ + 5385490 

+ 2042208 x^ - 2822162 x^ + 1247577 x'^ - 244584 x + 32400 



16 



BbipajKeHHH y = Fi[x) h w = F2{x) {j = 8). IlpeflCTaBjieHHH MHoroHjienaMH CTeneHH ^ 13 

OT X. 

175010896509363118040086341 13 760112877954361925067757749 12 



5631737006960999042017600 ^ ^ 5631737006960999042017600 

1750144201826669628973688007 n 2511833210232128226813555927 

5631737006960999042017600 ^ ^ 5631737006960999042017600 

1003878467681567742016705967 9 240879181713958481246898829 
X H 



2 

X 



2815868503480499521008800 ^ 8447605510441498563026400 
7403781632071474402565699143 ^ 27594158203874223011049838409 

~^ 25342816531324495689079200 ^ 76028449593973487067237600 
410494638054286810285781003 5 _ 330826078483182090005453261 

~^ 2027425322505959655126336 ^ 30411379837589394826895040 ^ 
_ 3445072458977611467519796207 3 7587084783582358318419111269 

50685633062648991378158400 ^ ^ 152056899187946974134475200 
32695109346932045297414717 185143322469969876688236 

~ 2111901377610374640756600 ^ 87995890733765610031525 
1576346706064295403636224151 13 2988198723955016496597743277 12 

W — X ~l~ 3^ 

31537727238981594635298560 15768863619490797317649280 
13285340740238310997510265217 n 9257614313874971696870033121 10 

31537727238981594635298560 ^ ^ 15768863619490797317649280 ^ 
_ 2263393058154341326801557061 1 9 8149391014299901771067458001 g 
47306590858472391952947840 70959886287708587929421760 ^ 

99118813229806384154825380279 7 203481616765900685799134222281 g 
425759317726251527576530560 ^ 638638976589377291364795840 ^ 
31059759863976878968413569399 5 _ 4071162105662468344325556835 4 

170303727090500611030612224 ^ 255455590635750916545918336 ^ 
_ 39868741658792538217841910131 3 43885565296005598812277067281 2 

851518635452503055153061120 ^ ^ 1277277953178754582729591680 ^ 
474728963794058513671615399 4723023511792833377635441 

53219914715781440947066320 ^ ^ 2956661928654524497059240 
IIpe/icTaBjieHHH b BHfl^e flpoSeA. 

y = -3{{x - l)(26244a;^° - 107163 + 247860 - 349983x^2940813;'' - 116321 x'^ 

- 38995 x* + 81535 x^ - 52221 x^ + 16668 x - 2025))/(-2700 - 1368 x 

- 25878 x^ + 27987 x^ + 19683 x"^ - 223074 x'-* + 481140 x** - 327186 x'^ 



114246 X® + 289122 x'" ~ 123224 x*) 



w = --(137781 x" - 216513 x^° + 355752 x^ - 943434 x* + 1340712 x^ - 1027572: 



+ 374878 x" + 60690 x"* - 212989 x'^ + 209829 x^ - 96102 x + 16200)/(-2700 

- 223074x^ + 481140 x** 
327186 x"^ - 114246 x® + 289122 x^ - 123224 x*) 



1368 X - 25878 x^ + 27987 x^ + 19683 x^" - 223074 x^ + 481140 x** 



SaMeuanue 3.21. BBe^eM b npocTpancTBe roMOTeTHHecKHX KjiaccoB HHBapiiaHTHMX mbtphk 
B M/a Koop/i,HHaTbi X = tb' /tb, y = ta'/ta, w = tb'/ta (cM. Phc.3). CncTeMa [3 Eq. (1.1)] 
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nOCJie HCKJIIOHeHHH KOHcJiOpMHblX MHOJKHTejieft CTaHOBHTCH CHCTeMOH ypaBHeHHH OTHOCH- 

TejibHO x,y,w. HporpaMMa MAPLE peniHjia ee sa ceKyn/iy c neTBepTbio (noHaflo6Hjiocb 
eme BpeMH na o6pa6oTKy pemeHHii). 

^OnOJTHEHHE 3. ITOJTOKHTEJIbHO OnPE^EJTEHHblE SHHUITEHHOBbl METPHKH HA 

M/a 

HycTB CHOBa M — jiio6oe h3 cJ^jiaroBbix npocTpancTB (13. ip . 

npefljio:»<;eHHe 3.22. (a) Ha npocmpaHcmee M/a cyvu^ecmeymm noAOMcumenbHo onpe- 
deACHHue G-UHeapuanmHue MempuKU dumumeuHa. Hucao amux MempuK c mouHocmbn) 
do goMomemuu paeno 2 npu M = G2/T^ (m.e. npu j = 8), u 6 e ocmaAbHux cnyuasix. 
(h) TIoAOMCumeAbHO onpedeACHHue (coomeemcmeeHHO, eevnecmeeuHue undecfiuHumHue) 
UHeapuanmHue MempuKU duHiumeuHa e M/a, omnuHHue om MempuK (j3.12p . omeeuamm 
noAOMCumeAbHUM (coomeemcmeeHHO, ompuv^ameAbHUM,) nopHHM nenpueoduMozo mhozo- 
HAcna fi4:{x) G Q [a;]. 

(c) Ompu%ameAbHue Kopnu fii{x) cyw,ecmeyiom moAbKO npu j £ {36,60} (ux no dea). 

CxcMG doKasamcAbcmea. To, hto BemecTBeHHbie mbtphkh h3 (b) OTBenaioT BemecTBeHHbiM 
KopHHM /i4(x), cjiejxyeT H3 jieMMbi [3.201 H npejijioaceHHg [3?2l ^ajiee, mojkho npoBepnTb, 
HTO MHHHMajibHbiMH MHoroHjieHaMH ^i{y) S Q [y] 3JieMeHTOB yi = Fi{x) E Q [a^]/(/i4(a^)), 
i = 1,2, HBjiHioTCH HeKOTopbie MHoroHjieHbi 14 CTeneHH co 3HaKOHepe/];yioii];HMHCH koscJ)- 
4)Hii;HeHTaMH El. HanpHMep, npn j = 8 : 

ifi{y) = 8290479600 y^* - 52700208984 + 538432220079 y^^ - 1618143182406 

+ 2697711175278 - 3407189361930 + 3519687897648 - 2757517036290 y^ 
+ 1539019875362 y'^ - 602718526838 y"^ + 166447276569 y"" - 32207378760 y^ 
+ 4184043012 y^ - 327367656 y + 11573604, 

^P2(w) = 1658095920 m" - 10281139488 w^^ + 29764527624 - 53875631088 m" 
+ 68589182916 m"' - 65344826088 m" + 48093022782 m* - 27694511532 u7 
+ 12514329552 - 4426523804 + 1212637473 m* - 251395110 
+ 37706553 ~ 3645000 w + 170586. 

HosTOMy fi{y) h ip2{y) He HMeroT OTpHu;aTejibHbix Kopneii, hto flOKa3biBaeT (b). B cjiefly- 
lomeM cniicKe npHBO/iHTCH npnGjiHiKennbie SHaHeHHH Bcex BemecTBeHHbix Kopneli Xi mho- 
roHjiena /i4(x) npn pa3jiHHHbix j : 



1) 


j 


= 8, xi = 


= 1.0234, X2 = 


1.0347, 










2) 


j 


= 18, xi 


= .3927, X2 = 


.4506, X3 = 


.8181, X4 


= 2.562, 






3) 


j 


= 24, XI 


= .3547, X2 = 


.4174, X3 = 


.7419, X4 


= 3.822, 






4) 


j 


= 36, xi 


= .3407, X2 = 


.3843, X3 = 


.6845, X4 


= 6.320, X5 = 


-1.342, X6 = 


-1.285, 


5) 


j 


— 60, xi 


= .3356, X2 — 


.3618, X3 = 


.6472, X4 


= 11.31, X5 = 


-1.640, X6 = 


-1.547. 



OTCio/ia HBCTByioT (a) h (c). □ 



' KD.CaKane | ilOj aHajiorHHHbiM cnoco6oM npoeepHJi nojiojKHTejibHyM onpeflejieHHOCTB MexpHKH 9hh- 
niTeiiHa (iv) b SUa/T^ (cm. Bbime, §[21 (iv)). 
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